Abstract: We propose a simple approach for simultaneous optical half-adder and halfsubtracter using a single-slot waveguide that offers tight light confinement and enhanced nonlinearity. By exploiting the parametric depletion effect of twin degenerate four-wave mixing processes in the slot waveguide, we simulate 160-Gbit/s half-adder ðA þ BÞ and halfsubtracter ðA À B; B À AÞ and characterize the operation performance in terms of quality Q factor, extinction ratio ER, and eye opening EO. Two different nonlinear materials are considered as the slot region for comparison. One is silicon-nanocrystal (Si-nc) with Kerr nonlinear index of refraction ðn 2 Þ of 4:8 Â 10 À17 m 2 =W and two-photon absorption (TPA) coefficient ð TPA Þ of 7 Â 10 À11 m/W at 1550 nm, and the other is a specific polydiacetylene, poly-[2,4 hexadiyne -1,6 diol-bis-(p-toluene sulfonate)] (PTS) with n 2 ¼ 6:25 Â 10 À17 m 2 =W and TPA % 0 at 1550 nm. PTS slot waveguide features superior performance of half-adder and half-subtracter compared with Si-nc slot waveguide under the same waveguide length and input signal power. Moreover, we study the performance dependence on the waveguide length and input power, providing an easy-to-follow theoretical basis for achieving the desired performance of half-adder and half-subtracter.
Introduction
Optical logic gates are essential elements in next-generation high-speed telecommunication systems to enable various optical signal processing functions, such as switching, addressing, decisionmaking, regeneration, (de)multiplexing, coding/decoding, and basic or complex computing [1] . Optical nonlinearities are considered to be promising candidates to perform various basic logic operations (i.e., AND, OR, NOT, XOR, NOR, NAND, XNOR) [2] - [14] , including the use of four-wave mixing (FWM) or cross-phase modulation (XPM) in highly nonlinear fibers (HNLFs) [2] - [5] , crossgain modulation (XGM) or XPM in semiconductor optical amplifiers (SOAs) [6] - [9] , and secondorder nonlinearities in periodically poled lithium niobate (PPLNs) waveguides [10] - [14] . Beyond those functions, some types of advanced operations have also attracted increasing interest such as half-adder and half-subtracter, which are well known functions in digital electronics and can be employed to construct a variety of more complicated processing circuits (e.g., shift registers, binary counter, serial parallel data converter). SOA-/PPLN-based half-adder and half-subtracter in the optical domain have been widely studied [15] - [21] . Driven by the increasing trend of large-scale integration, it is highly desirable to achieve these functions using ultra-compact devices. Silicon photonics has become more and more attractive considering the availability of a mature silicon technology, low costs, and the fabrication of millimeter-scale device with nanometer precision [22] , [23] . Owing to these advantages, silicon has gained wide interest in optical signal processing techniques. Basic optical logic gates using nonlinearities in silicon waveguides have been demonstrated showing impressive performance [24] - [27] . For silicon waveguide enabled optical logic gates, one challenge is to further enhance the nonlinearity for more efficient operation, which might be addressed by choosing appropriate materials with higher Kerr nonlinear index of refraction and employing novel guiding mechanism such as slot waveguide to confine light more tightly with greatly reduced mode area [28] - [30] . All-optical logic gates and high-speed signal processing have been reported using nonlinear slot waveguides [31] , [32] . In addition to elementary logic gates (e.g., NOT, OR, AND) [31] , the other challenge is to develop silicon waveguide based advanced logic functions such as half-adder and half-subtracter using simple solutions, e.g., single-device-assisted half-adder and half-subtracter. In this scenario, a laudable goal would be to explore single slot waveguide based optical half-adder and half-subtracter which has not yet been reported so far.
In this paper, we propose and simulate 160-Gbit/s simultaneous optical half-adder and halfsubtracter based on a single slot waveguide. Two types of nonlinear materials, i.e., silicon-nanocrystal (Si-nc) and poly-[2,4 hexadiyne-1,6 diol-bis-(p-toluene sulfonate)] (PTS), are considered as slot region for comparison. Temporal waveforms, eye diagrams, quality ðQÞ factor, extinction ratio ðERÞ and eye opening ðEOÞ are calculated and analyzed to evaluate the operation performance. The performance dependence on the waveguide length and input power are also studied and optimized.
Structure and Modeling of Slot Waveguide
The horizontal slot waveguide features a sandwich structure, which has a thin slot layer of lowrefractive-index material surrounded by upper and lower layers of high-refractive-index materials. As shown in Fig. 1(a) , the high-refractive-index layers are silicon (Si) and the low-refractive-index slot layer can be silicon nanocrystal (Si-nc or Si-rich) [33] , [34] , chalcogenide glasses [35] or organic materials [32] , [36] , [37] with high nonlinearity. The cladding is air and the substrate is silica ðSiO 2 Þ. The typical structure parameters are as follows: waveguide width W ¼ 250 nm, upper silicon height H u ¼ 180 nm, lower silicon height H l ¼ 180 nm, slot height H s ¼ 25 nm, and silica substrate height is 2 m. Due to the index difference between high-refractive-index and low-refractive-index layers, the electric field of quasi-TM mode (vertically polarized) at the interfaces of silicon and slot layers is discontinuous, leading to an enhanced light concentration in the thin slot layer. The cross section of quasi-TM mode distribution of the slot waveguide is shown in Fig. 1(b) . Fig. 1 (c) and (d) depict the normalized power density along the X and Y directions. One can clearly see that the light is tightly confined in the thin slot region. The well-confined light together with large nonlinear coefficient of slot material offers enhanced nonlinearity potentially used for efficient optical digital signal processing.
In addition to the tight light confinement, another challenge is to choose appropriate slot material with desired properties (e.g., high nonlinearity, low two-photon absorption (TPA)). As well known, the real and imaginary parts of nonlinear coefficient are related to the Kerr nonlinear index of refraction n 2 and the TPA coefficient TPA , respectively. Compared with SiO 2 and Si, Si-nc and PTS have relatively large Kerr nonlinear index of refraction. For Si-nc with 8% Si excess and annealed at 800 C, n 2 ¼ 4:8 Â 10 À17 m 2 =W and TPA ¼ 7 Â 10 À11 m/W at 1550 nm [29] , [33] . For PTS, n 2 ¼ 6:25 Â 10 À17 m 2 =W and TPA % 0 at 1550 nm [37] . In the simulations, both Si-nc and PTS are employed as slot materials for comparison. We calculate the mode effective index, mode effective area, chromatic dispersion, and nonlinearity of the guided mode in the proposed slot waveguide by using a full-vector finite-element mode solver (COMSOL Multiphysics). Nonlinear coefficient is computed using a full-vector model in which the contributions of different materials (e.g., Si-nc/PTS, Si) to nonlinearity are weighted by optical mode distribution [38] . Over a wavelength range from 1000 to 1700 nm, the material refractive index lies in (1.72, 1.725) for Si-nc and (1.7255, 1.869) for PTS. As shown in Fig. 2 (a), material dispersions obtained from Sellmeier equations for Si-nc [30] and PTS [36] are taken into consideration. It is noted that the dispersion keeps almost unchanged for Si-nc while decreases with the increase of wavelength for PTS. Material dispersions for SiO 2 and Si are also considered. In order to ensure the accuracy of simulations, the convergence of the calculated chromatic dispersion is verified. As shown in Fig. 2(b) , we calculate the chromatic dispersion at 1550 nm by varying the element size from 30 to 1 nm in the slot region. When the element size set in the slot region is small enough (G 5 nm), negligible changes are observed in the calculated chromatic dispersion values. Hence, it is expected that an element size of 5 nm is precise enough for achieving accurate calculations. A Á B and A Á B are expected for two input signals A and B, which can be achieved by exploiting TDFWM in a single slot waveguide. As shown in Fig. 4(a) , the operation principle relies on two degenerate four-wave mixing (FWM) processes called TDFWM. For two input signals (signal A at SA , signal B at SB ), two converted idlers (idler 1 at i1 , idler 2 at i2 ) are generated by two degenerate FWM processes. In the first degenerate FWM process involving signal A, signal B and idler 1, the photons of signal A are annihilated and transferred to the photons of idler 1 and signal B. In the second degenerate FWM process involving signal A, signal B and idler 2, the photons of signal B are consumed and converted to the photons of idler 2 and signal A. It is possible to deplete both of the two signals which are converted to two idlers by appropriately controlling the power of two signals. As shown in Fig. 4(b) , owing to such parametric depletion effect of TDFWM, output signals at SA and SB from the slot waveguide take logical results of A Á B and A Á B, corresponding to the Borrow outputs for B À A and A À B of half-subtracter, respectively. In addition, both of the two converted idlers at i1 and i2 take logical AND result of A Á B, corresponding to the Carry output of half-adder. Moreover, the combination of A Á B and corresponding to the Sum output of half-adder and Difference output of half-subtracter. Hence, single slot waveguide based simultaneous half-adder and half-subtracter are achievable.
Concept and Principle of Half-Adder and Half-Subtracter
A Á B produces logical XOR result of A È B ¼ A Á B þ A Á B,
Results and Discussions
The proposed single slot waveguide based half-adder and half-subtracter are simulated using nonlinear coupled-mode equations under the slowly varying envelope approximation. Groupvelocity mismatching (GVM), group-velocity dispersion (GVD), TPA, free-carrier absorption (FCA), and free-carrier dispersion (FCD) are considered. In the following simulations, two synchronized independent input signals A and B are assumed to be 160-Gbit/s 2 13 À 1 pseudo-random binary sequence (PRBS) return-to-zero (RZ) data signals with a hyperbolic-secant pulse shape and a 6.25-ps pulse width. We first calculate and compare the operation performance of Si-nc slot waveguide and PTS slot waveguide based half-adder and half-subtracter under the same waveguide length of 3.5 mm and peak power of input signal of 320 mW. Fig. 5(a) -(g) imply that single Si-nc slot waveguide based half-adder and halfsubtracter are successfully implemented. Fig. 5 (h)-(n) display simulated eye diagrams corresponding to Fig. 5(a)-(g) , respectively. To evaluate the operation performance, we define following three factors of quality factor ðQÞ, extinction ratio ðERÞ and eye opening ðEOÞ
where P 1avg and P 1min are average and minimum power of logical B1[ while P 0avg and P 0min average and maximum power of logic B0[. For comparison, we also show simulated results in Fig. 6 for 160-Gbit/s half-adder and halfsubtracter using a single PTS slot waveguide. The temporal waveforms of input signals and output signals and idlers are depicted in Fig. 6(a)-(g), respectively , showing the successful implementation of single PTS slot waveguide based half-adder and half-subtracter. Fig. 6 (h)-(n) depict simulated eye diagrams with marked values of Q, ER, and EO corresponding to Fig. 6(a)-(g) , respectively.
In order to present a comprehensive performance evaluation, GVM, GVD, TPA, FCA, and FCD effects are taken into consideration. However, the simulation results show dominant roles of TPA and FCA degrading the operation performance, while GVM, GVD, and FCD effects induce negligible performance degradation owing to the short waveguide length ($mm). Furthermore, by carefully comparing the obtained results for 160-Gbit/s half-adder and half-subtracter using Si-nc slot waveguide and PTS slot waveguide, one can clearly see from the eye diagrams that: 1) the performance of output Sum/Difference, Carry, and Borrow is degraded compared with input signals; 2) PTS slot waveguide features superior performance compared with Si-nc slot waveguide under the same waveguide length (3.5 mm) and peak power of input signal (320 mW). Such phenomena can be briefly explained as follows. First, the degraded B1[ level in the eye diagrams comes from the pattern effect after passing through the slot waveguide, which is assumed to be mainly caused by the FCA effect. Second, the degraded B0[ level in the eye diagrams comes from the residual power, which is due to incomplete depletion during the TDFWM parametric process. Third, for two different slot materials of Si-nc ðn 2 ¼ 4:8 Â 10 À17 m 2 =W; TPA ¼ 7 Â 10 À11 m/WÞ and PTS ðn 2 ¼ 6:25 Â 10 À17 m 2 =W; TPA % 0Þ, PTS offers higher Kerr nonlinear index of refraction and negligible TPA coefficient, featuring better performance for 160-Gbit/s half-adder and half-subtracter, i.e. enhanced depletion (B0[ level) and alleviated pattern effect (B1[ level). Even using PTS slot waveguide with TPA % 0, one may still see the non-negligible pattern effect in the B1[ level of eye diagrams owing to TPA Vdependent FCA. This is because of the FCA in Si layers with partial mode distribution, which is also considered in full-vector model simulations when calculating nonlinearities by mode distribution weight [38] . For the two examples shown in Figs. 5 and 6, it is shown that higher Kerr nonlinear index of refraction of PTS plays a dominant role for achieving improved operation performance.
Remarkably, slot waveguide based half-adder and half-subtracter involve many parameters which could impact on the operation performance. In addition to the parameters dependent on the adopted materials such as Kerr nonlinear index of refraction and TPA coefficient, other parameters related to geometric structures and incident conditions such as cross section geometry, waveguide length, input power, are also of great importance to be considered when comprehensively optimizing the operation performance.
We further study the operation performance for Borrow outputs ðA À B; B À AÞ of half-subtracter and Sum/Difference output of half adder/half-subtracter as functions of the waveguide length and peak power of input signal. The calculated Q factors for Borrow ðA À BÞ, Borrow ðB À AÞ and Sum/ Difference are shown in Fig. 7(a)-(c) . One can clearly see that Q factor increases with the increase of waveguide length (0 $ 4 mm) and peak power of input signal (30 $ 350 mW). The calculated ER and EO for Borrow ðA À BÞ, Borrow ðB À AÞ and Sum/Difference are shown in Fig. 7(d)-(i) , respectively. Similar trends for ER and EO are obtained as increasing the waveguide length (0 $ 4 mm) and peak power of input signal (30 $ 350 mW). Moreover, Fig. 7 also offers an easy to follow theoretical basis for performance optimization. For desired values of Q, ER and EO, one can clearly find available region of waveguide length and peak power of input signal from Fig. 7 . For instance, the white lines in Fig. 7(a) -(i) correspond to Q ¼ 20 dB, ER ¼ 10 dB, and EO ¼ 0:9, respectively. Hence, one can choose waveguide length and peak power of input signal from the region above the marked white lines if better performance is expected (Q 9 20 dB, ER 9 10 dB, and EO 9 0:9). For the proposed simultaneous half-adder and half-subtracter, two input signals ðA; BÞ are fed into a single slot waveguide, and the combined parametric depletion and wavelength conversion effects inside the slot waveguide can offer multiple outputs ðA Á B; B Á A; A Á BÞ. As a consequence, half-adder can be obtained by choosing some of the outputs (SUM:
. Meanwhile, choosing some other outputs can enable half-subtracter (DIFF:
However, wavelength demux and multiple use of common outputs are desired for practical implementations of simultaneous half-adder and half-subtracter. For instance, wavelength demux is required after the waveguide to discriminate different wavelengths ð SA ; SB ; i1 ; i2 Þ. Also, splitters are needed to divide SA into two and also SB into two, which can be used for BORROW ðA Á B; B Á AÞ. In addition, the combination of SA and SB by a coupler
The challenge is the compatibility of desired wavelength demux and splitter/coupler with slot waveguide. Fortunately, wavelength demux and splitter/ coupler fabricated on silicon-on-insulator (SOI) platform have been reported [39] - [41] , which is compatible with the slot waveguide. In this scenario, on-chip simultaneous half-adder and halfsubtracter using a single slot waveguide together with wavelength demux and splitter/coupler is achievable. Note that the SUM/DIFF corresponds to the combination of two output signal wavelengths. Using two combined wavelengths is not feasible for further cascadability of logic gates to construct advanced logic operations. A potential solution could be using XPM to transfer the A È B ¼ A Á B þ A Á B from two wavelengths ð SA ; SB Þ to a single new wavelength [42] , [43] .
Conclusion
We have proposed and numerically demonstrated a simple scheme of simultaneous optical halfadder and half-subtracter at 160-Gbit/s using parametric depletion effect of TDFWM in a single slot waveguide. The employed waveguide structure guiding the light in the slot region features well-confined light concentration and resultant enhanced nonlinearity. Two output signals after parametric depletion provide the Borrow of half-subtracter A À B and B À A. The combination of two output signals corresponds to the Sum of half-adder ðA þ BÞ and Difference of half-subtracter ðA À B; B À AÞ. Two generated idlers by TDFWM offer the Carry of half-adder ðA Á BÞ. The operation performance of half-adder and half-subtracter has been analyzed in terms of Q-factor, ER and EO. The performance degradation of output Sum/Difference, Carry and Borrow could be ascribed to the FCA effect and incomplete depletion. We have employed two different nonlinear materials of Si-nc ðn 2 ¼ 4:8 Â 10 À17 m 2 =W; TPA ¼ 7 Â 10 À11 m/WÞ and PTS ðn 2 ¼ 6:25 Â 10 À17 m 2 =W; TPA % 0Þ as the slot region for comparison. We have found that: 1) PTS slot waveguide shows better performance compared with Si-nc slot waveguide under the same waveguide length (3.5 mm) and peak power of input signal (320 mW). 2) Larger n 2 of PTS plays a dominant role for gaining superior performance. Furthermore, we have also investigated the operation performance of half-adder and half-subtracter as functions of the waveguide length and peak power of input signal, presenting an easy way to choose appropriate wavelength length and input power for desired performance. With future improvement, more advanced and complicated digital signal processors are expected to be explored, such as full-adder, full-subtracter, etc.
